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We report on existence and properties of discrete gap solitons in zigzag arrays of alternating wa-
veguides with positive and negative refractive indices. Zigzag quasi-one-dimensional configura-
tion of waveguide array introduces strong next-to-nearest neighbor interaction in addition to 
nearest-neighbor coupling. Effective diffraction can be controlled both in size and in sign by the 
value of the next-to-nearest neighbor coupling coefficient and even can be cancelled. In the re-
gime where instabilities occur, we found different families of discrete solitons bifurcating from 
gap edges of the linear spectrum. We show that both staggered and unstaggered discrete solitons 
can become highly localized states near the zero diffraction points even for low powers. Stability 
analysis has shown that found soliton solutions are stable over a wide range of parameters and 
can exist in focusing, defocusing and even in alternating focusing-defocusing array.    
    
PACS number(s): 42.82.Et, 78.67.Pt, 42.65.Tg, 05.45.Yv 
 
I. INTRODUCTION 
 
     Diffraction effects in discrete optical systems strongly modify from that ones in homogenous 
and isotropic media. Peculiarities in diffraction effects appear due to rotational symmetry break-
ing in discrete optical systems, e.g., in array of waveguides, and canonical laws of diffraction 
cease to hold. Such systems allow one to control the diffraction either in size or sign by the input 
conditions (angle of incidence of a beam) [1]. Diffractive beam spreading can even be arrested 
and diverging light can be focused. Analytical explanation of such phenomena comes from the 
mathematical relation between longitudinal and transverse wave number components of the 
wave vector. This relation is analogous to the dispersion relation in the temporal domain and de-
scribes the diffraction process in the system considered. In the case of waveguide arrays this re-
lation is strictly periodic; hence, either strength or sign of diffraction depends on the transverse 
wave number component periodically, which in turn is determined by the tilt of the initial beam. 
Thus, the light beam can undergo both normal and anomalous diffraction and even can cross the 
array diffractionless. By using the diffraction properties of waveguide arrays, it is possible to 
produce structures with reduced, canceled and even reversed diffraction. Results of experiments 
with such waveguide arrays are presented and compared with the predictions made by coupled-
mode theory in [2]. Similar effect was shown to happen in photonic crystals [3].  
     Diffraction effects play a significant role for the formation of spatial self-localized states (so-
litons) in nonlinear media. Discrete diffraction, as discussed above, has peculiarities and, as a 
result, nonlinear response in discrete structures demonstrates novel effects, which have no ana-
logs in continuous systems. In nonlinear waveguide arrays (NOWA) spatial discrete solitons can 
be formed due to the interplay between discrete diffraction, arising from linear coupling, and 
waveguide nonlinearity. Due to the possibility of diffraction management in waveguide arrays, 
different families of discrete solitons can be formed. Thus, both self-focusing and self-
defocusing have been achieved experimentally for the same medium, structure (waveguide ar-
ray), and wavelength [4]. Also, it was predicted analytically by Kivshar [5] that discrete self-
focusing may be realized in array of defocusing waveguides when the transverse wave number 
component of the wave vector lies at the edge of a Brillouin zone. At the base of the Brillouin 
zone discrete self-focusing occurred to be in nonlinear focusing waveguides in the same wave-
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guide array [6]. All these listed features of discrete self-localized states (solitons) are conse-
quences of mentioned above diffraction properties of waveguide arrays.  
     Discussed above studies are dedicated to the analysis of linear and nonlinear properties of 
uniform waveguide arrays, i.e., arrays composed of equally spaced identical waveguides. How-
ever, analysis of nonuniform waveguide arrays (binary ones, arrays with defects, etc.) provides 
further degrees of freedom. Binary waveguide arrays possess a linear band gap, thus, new kinds 
of discrete gap solitons can be obtained in such structures [7]. An interesting result is obtained in 
the case of a binary array with periodical switching of the coupling between successive wave-
guides (the coupling coefficients differ not only in modulus but also in sign); flat-top and kink 
solitons can be formed in this structure. Both stationary and “walking” gap solitons moving 
along the spatial coordinate with a tunable velocity exist for focusing, defocusing and even alter-
nating focusing-defocusing nonlinearity [8]. Efremidis and Christodoulides [9] proposed a zig-
zag configuration of the waveguide array that can exhibit strong second-order coupling in addi-
tion to the nearest-neighbor coupling and this extended coupling affects the lattice dispersion re-
lation within the Brillouin zone. As a result of this band alteration, completely different families 
of discrete solitons can be obtained in such arrays which are stable over a wide range of parame-
ters. Also, diffraction management is studied in this structure and it can be employed to generate 
spatial discrete optical solitons at low power levels.  
     The achievements of modern technologies, i.e. nanotechnologies, allow manufacturing artifi-
cial materials with unusual electromagnetic properties, i.e., metamaterials, which possess nega-
tive refraction in microwave range [10-15], and more recently in optical range without losses 
[16]. Compensation of energy losses in metamaterials can be achieved by implantation of com-
ponents with active molecules or atoms into the structure of these artificial materials. The prop-
erties of negative index media can be employed in new various optical components for the inte-
grated or fibre optics. Nonlinear response of such negative index metamaterials (NIM) to elec-
tromagnetic waves propagation leads to novel optical phenomena and is studied thoroughly in 
the last decade [17-19]. In particular, new regimes of nonlinear wave mixing between forward 
and backward waves can be brought about in NIM [20-28] (for more examples of studies, see the 
review papers of Ref. [27, 28]). Also, the interface between NIM and positive index media (PIM) 
presents new features of refraction or localization of electromagnetic waves [29-33]. Interesting 
examples of mixed PIM-NIM structures providing the forward-backward waves interaction are 
nonlinear oppositely directed couplers (NODC) [34-36] and waveguide arrays with alternating 
PIM and NIM waveguides [37-41]. Novel features of nonlinear wave propagation, such as opti-
cal bistability [34], slit solitons [35, 38, 40], suppression of modulation instability effect [36, 39, 
41] and discrete gap solitons [37] were observed in these structures. In general, such model of 
PIM-NIM NOWA describing the nonlinear interaction of forward and backward waves in peri-
odic media can be applied to a broad range of metal-dielectric photonic structures, including 
plasmonic waveguides and metamaterials [42]. Energy localization can be significantly modified 
by introducing extended interactions (next-to-nearest neighbors) in PIM-NIM NOWA. These 
extended interactions may appear by exploiting the topological arrangement of the lattice itself. 
Zigzag geometrical configuration provides necessary deformation of the lattice allowing intro-
ducing second-order couplings in the PIM-NIM NOWA and completely different families of 
discrete soliton solutions can be obtained there in comparison with the ordinary first-order coupl-
ing PIM-NIM NOWA. Also, the dispersion relation of waves propagating in zigzag PIM-NIM 
NOWA contains a band gap due to the alternating sign of refractive index [40, 41] that makes it 
different from the model considered in Ref. [9]. Thus, zigzag PIM-NIM NOWA provides further 
degrees of freedom to manipulate energy localization effects, diffraction management and dis-
crete solitons formation. 
     In a recent study, it was shown that modulation instability effect in zigzag PIM-NIM NOWA 
disappears regardless of the electromagnetic field power, when the second-order coupling coeffi-
cient exceeds a certain threshold, the value of which depends on the transverse wave number 
component of the wave vector [41]. Thus, a uniform field distribution in the system in question 
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can be both stable and unstable in the same nonlinear media depending on the second-order 
coupling coefficient and various regimes of nonlinear wave propagation are possible.  
     In this paper we report about the existence of spatially localized modes for low powers in this 
quasi-one-dimensional waveguide array including negative index metamaterial channels. We 
show that the effective diffraction of the array can be controlled both in size and sign, and even 
can be cancelled under definite values of the second-order coupling coefficient. Zero diffraction 
points exist both at the base and at the edge of the Brillouin zone. Both staggered and unstag-
gered bright solitons observed in the system can become highly localized states even at low 
power levels near these zero diffraction points. We perform stability analysis of these spatially 
localized states and demonstrate their stability over the wide range of parameters. We present  
 
 
FIG. 1. Zigzag PIM-NIM NOWA (cross section). Empty circles indicate PIM waveguides; filled 
ones – NIM waveguides.  
 
new example of periodic photonic structure allowing describing nonlinear interaction of forward 
and backward waves.      
 
II. PHYSICAL MODEL 
 
     The coupling between second-order neighbors can be controlled by an angle between the 
lines connecting neighboring waveguides [9]. When the value of this angle is equal to π the 
second-order interactions are extremely weak and the system is reduced to a first-order interact-
ing waveguide array. Reduction of this angle leads to the increase of second-order coupling coef-
ficient and the waveguide array takes a zigzag configuration (Fig. 1). Thus, zigzag NOWA is the 
more general case of waveguide arrays which allows considering extended interactions (beyond 
the nearest neighbors). In this case, stationary field distribution in the physical system in ques-
tion is described by following nonlinear discrete differential equations [41]: 
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where na  and nb  are normalized field amplitudes in PIM and NIM waveguides, respectively, 
and ...,2,1,0 ±±=n  is a number of a coupler in the array (see Fig. 1), z  is the propagation dis-
tance. 1C  and 2C  are first-order (nearest neighbors interaction) and second-order (next to nearest 
neighbors interaction) coupling coefficients, 1χ  and 2χ  are normalized nonlinear susceptibilities 
of PIM and NIM waveguides, respectively, and 0>ω  is a mismatch between propagation con-
stants. Due to opposite signs of Poynting vectors in PIM and NIM waveguides, that provides an 
effective feedback mechanism in the system under consideration, there is a minus sign in front of 
the spatial derivative in the second equation of the system (1) unlike the first equation. There-
fore, the physical inputs for the field amplitudes na  and nb  are positioned on 0=z  and Lz = , 
respectively, where L is the length of the array along z direction. But this boundary problem of 
the array in question can be simplified by considering stationary field distributions in wave-
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guides [37] and, therefore, both fields can be given at 0=z (i.e. nb  are given at its physical out-
put).  
     We can determine the total power in the array as  
                                                      ( )∑ ∑ +==
n n
nnn baPP
22 ,                                                     (2) 
as well as the Hamiltonian  
                ( ) ( ) ( ){ } PbabbaaCbabaCH
n
nnnnnnnnnn ωχχ ++++++= ∑ ∗−∗−∗−∗ 42414111211Re2             (3) 
from where one can obtain the equations of motion [Eq. (1)] via ∗∂∂−= nn aHai &  and 
∗∂∂= nn bHbi &  (an overdot stands for a derivative with respect to z ). It’s important to note that 
the Hamiltonian (3) and the total power (2) are conserved quantities of Eq. (1).   
     In order to derive equations of motion in the so-called continuous approximation (i. e., slowly 
varying amplitudes), we consider more general case of Eq. (1) describing nonstationary field dis-
tribution in the linear array [41]: 
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where ν  is a phase mismatch between adjacent waveguides. If we make the Fourier transform in 
such a way as ( )∑ −+=
qk
qkqkn tqnkziua
,
,, exp ω  and ( )∑ −++=
qk
qkqkn tqqnkzib
,
,, 2/exp ωυ , it’s 
easy to obtain the following equation for the Fourier amplitudes: 0ˆ ,, =qkqk xL , where 
( )Tqkqkqk ux ,,, υ=  and  
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νωω += qk , , from where one can easily obtain the dispersion relation of system (4) via equation 
0ˆdet , =qkL , which determines the frequency qk ,ω  as a function of k  and q : 
                                              2/cos4cos2 221
2
2 qCkqC +±−=ω .                                           (6) 
We can introduce the slowly varying amplitudes as follows: 
                     ( )tnqzkintzan 000exp),,( ωϕ −+= , ( )tnqzkintzbn 000exp),,( ωψ −+= ,                (7) 
where ϕ  and ψ  are slowly varying functions, 0k , 0q  and 00 ,0 qkωω =  are spatial and temporal 
carrier frequencies, respectively. The frequencies of quasi-monochromatic envelopes with a nar-
row spectral width slightly deviate from the carriers. From Eq. (7) it follows that the Fourier im-
ages of slowly varying amplitudes satisfy the relations qqkkqk x ~,~~,~ 00 ++=χ  and 0ˆ ~,~~,~ 00 =++ qkqqkkL χ , 
where ( )Tqkqkqk ~,~~,~~,~ ψϕχ = and k~ , q~  are small deviations from the carrier frequencies. Hence, 
we have the following Taylor series expansion:   
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Proceeding up to the fourth-order term in the Taylor series one can obtain equations for the slow-
ly varying amplitudes ϕ  and ψ  by applying the inverse Fourier transform to the Eq. (8):  
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where lsx /=  is a normalized coordinate, l  is the distance between adjacent waveguides, s  is 
the actual transverse skew coordinate along the zigzag path ( )lsn /→ , and the coefficients 
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For the stationary field distribution in the nonlinear array in question Eq. (9) can be written as  
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The latter equations (14) are the so-called continuous approximation of the discrete differential 
equations (1) when the field amplitudes are slowly varying functions with respect to waveguide’s 
number. The coefficients )1(gv  and 
)2(
gv  can be attributed to the wave’s spatial group velocity, and 
)(i
jd  (i = 1, 2; j = 2, 3, 4) represent the second-, third- and fourth-order diffraction effects in the 
array, respectively.  
 
III. DIFFRACTION RELATION AND MODULATION INSTABILITY 
 
     In Eq. (6) k  and q  are the longitudinal and the transverse wave number components of the 
wave vector, respectively, and they are independent variables of the frequency function ),( qkω , 
that describes the dispersion in the array. To study the stationary field problem the frequency 
should be fixed, hence in this case Eq. (6) determines an implicit function )(qk , that can be ex-
pressed as  
                                          ( ) ( )2/cos4cos2)( 221222 qCqCqk −+= ω .                                        (15) 
The latter expression (15) determines the so-called diffraction relation and it can be used to ana-
lyze the diffraction management in the array under consideration. Fig. 2 depicts diffraction curve 
in the domain of the first Brillouin zone for different values of second-order coupling coefficient 
which in turn affects sufficiently at the behavior of diffraction and as a consequence at the bright 
solitons formation. As it is said above, the second-order interactions in the array can be con-
trolled by the angle between the lines connecting neighboring waveguides and the system can be 
reduced to the first-order interacting array. In this case the second-order coupling coefficient is 
equal to zero and the diffraction relation takes the form of that one considered in ordinary PIM-
NIM array [37]. It should be noted that we will discuss only the upper branch of the diffraction 
curve. For the lower branch all discussions are exactly reversed. When q  lies in the range 
2/2/ ππ <<− q  the curvature of the diffraction relation is positive [ 0)( >′′ qk ] (Fig. 2a) and it  
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FIG. 2. Diffraction curves (solid lines) for 5.0,2.0,1.0,02 =C  shown in (a), (b), (c), (d), respec-
tively, when 11 =C , 5.2=ω . Dots correspond to bright soliton solutions’ eigenvalues lying in 
the band gaps.    
 
has the form of a discrete Schrödinger type (DS-type) diffraction [1, 2, 4, 9], but reversed. In this 
region of q  the effective diffraction of the array is “anomalous” and bright solitons are expected 
to arise in defocusing waveguides at the base of the Brillouin zone with eigenvalues lying in the 
internal finite band gap. No bright solitons were observed in focusing array in this case. Howev-
er, when PIM and NIM waveguides have nonlinearities of different signs, e.g. focusing and de-
focusing, respectively, it was observed that families of finite gap solitons bifurcate only from a 
bottom of the band gap in ordinary PIM-NIM array despite the fact that the finite gap edges are 
symmetric [37]. The nonlinearity breaks inversion symmetry in the reciprocal space. Contrari-
wise, in the regions ππ << q2/  the curvature is negative [ 0)( <′′ qk ] and the effective diffrac-
tion of the array is “normal” and of the DS-type in this case. Therefore self-localization can be-
come possible now in focusing waveguides and bright soliton solutions may occur at the edge of 
the Brillouin zone with eigenvalues lying in the external semi-infinite band gap. In Ref. [37] it 
was found that there exists more than one family of symmetric and antisymmetric solitons bifur-
cating from the gap edges of the linear spectrum.     
      The increase of the second-order coupling coefficient leads to the finite band gap expansion 
and the diffraction curve becomes broader for both the base and edge of the Brillouin zone (Fig. 
2b). As a result, the bright soliton solutions become narrower (occupying less amount of lattice 
sites) in comparison with those ones with smaller values of 2C  for the same power P . As can be 
seen from the Fig. 2d the curvature of the diffraction curve changes its sign, i.e. it becomes nega-
tive (“normal” diffraction) in the region 2/2/ ππ <<− q  and positive (“anomalous” diffraction) 
in the regions ππ << q2/  in comparison with Fig. 2a,b. Thus, the effective diffraction of the 
array becomes like that one in the DS model when 2C  becomes commensurate with 1C . The 
bright solitons were observed only at the base of the Brillouin zone with eigenvalues lying in the 
external semi-infinite band gaps when the waveguides of the array in question are focusing. It’s 
important to note that so-called zero diffraction (zd) points [ 0)( =′′ qk ] exist there for both the 
base and edge of the Brillouin zone. To determine these zero diffraction points and appropriate 
values of 2C  we can use Taylor series expansion of the diffraction relation (15) for both the base 
and edge of the Brillouin zone: ∑
=
==
−+=
1
2)(
,0
2)0(
,0
2 )!2/()1(2)(
m
mm
q
m
q mqkk ππ κ , where 
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ficients, ]4)2[( 21
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)0( Ckq −±== ωπ are band edges for the base and for 
the edge of the Brillouin zone, respectively. Here, one can easily obtain the values of 2C  corres-
ponding to zero diffraction points of (m+1)th-order from the condition 0)( ,0 ==
m
q πκ : 
mmmzdm
q CC 2/)2/)2/((
2
1
2)(
02 ωω −+== - for the base and 
mmmzdm
q CC 2/))2/(2/(
2
1
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- for the edge of the Brillouin zone. For the values of parameters used in Fig. 2 ( 11 =C , 5.2=ω ) 
we can estimate the value of 2C  in which the second-order effective diffraction in the array dis-
appears: 175.0)1( 02 ≈=
zd
qC  and 1,25.0
)1(
2 ==
zd
qC π . Hence, discrete solitons near zero diffraction points 
can be observed both for the base and edge of the Brilluoin zone in contrast to ordinary zigzag 
array studied in [9] where such nonlinear states was observed only at the edge of the Brillouin 
zone. This class of solutions with eigenvalues positioned deep inside the band gap represent 
highly localized states occupying, in essence, 1–3 lattice sites. As the value of 2C  increases 
above 0.25 the diffraction curve becomes narrower and, as a result, the bright soliton solutions 
become broader. Thus, the array under consideration provides further degrees of freedom for dif-
fraction management and more ways to generate spatial discrete optical solitons at low power 
levels in comparison with the arrays considered in [9, 37].  
     To not look unfounded, we investigate the modulation instability (MI) of the plane wave solu-
tion of Eq. (1) )(exp qnkziaan +=  and )2/(exp qqnkzibbn ++=  with respect to small pertur-
bations. The plane wave solution’s amplitudes are coupled by the following equation 
aqCqkbqС )cos2)(()2/cos(2 21 −−= ω  and )(qk  is determined by Eq. (15). As it is known, the 
instability of perturbed continuous waves is closely related with the presence of spatial bright 
solitons and occurs in the system due to the interplay between nonlinear interaction and diffrac-
tion effects. Therefore, the presence of MI can be considered as a precursor to bright soliton 
formation. We investigate the linear stability by perturbing the amplitude and the phase of the 
plane wave solution as )(exp)( nnn qnkziAaa Φ+++=  and 
)2/(exp)( nnn qqnkziBbb Ψ++++= , where )(),( zBzA nn  and the differences )()( zz nn Ψ−Φ  
are assumed to be small in comparison with the parameters of the plane wave solution. After the 
linearization of Eq. (1) in these small perturbations and by applying the transformation for these 
quantities as )(exp),(),( QnKziAA nn +Φ≡Φ  and )2/(exp),(),( QQnKziBB nn ++Ψ≡Ψ  we 
obtain the following equation between the longitudinal K  and the transverse Q  wave number 
components of the perturbations’ wave vector: gEKgSQ
rr ˆˆ
= , where TBAg ),,,( ΨΦ=r , Eˆ  is a 
44×  unit matrix and )4,...,1,(}{ˆ == jisS ijQ  is referred to as stability matrix which is used to 
investigate MI in the system in question. The coefficients of this 44×  stability matrix are given 
by:  
QqCssss sinsin2 244332211 ===−= ,  
))2/(sincos2)2/cos((2 22112 QqaCqbCis +−= ,  
)2/sin()2/sin(2)/()/( 142243113 QqСsabsbass ==−==− , 
)2/cos()2/cos(2)/1()()/1( 132234114 QqiCsasabssb =−=−== ,  
aQqCqkais /)coscos2)(3( 2
2
121 +−+−= ωχ , 
))2/(sincos2)2/cos((2 22134 QqbCqaCis += , 
bQqCqkbis /)coscos2)(3( 2
2
243 +++= ωχ . 
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FIG. 3. Modulation instability growth rate (maximum imaginary part of the stability matrix’s ei-
genvalues) for 25.0,24.0,176.0,175.02 =C  shown in (a), (b), (c), (d), respectively, when 1=a , 
121 == χχ , 11 =C , 5.2=ω . Figures (a), (b) correspond to 0=q  while (c) and (d) to π≅q .  
 
MI occurs when at least one of the stability matrix’s eigenvalues possesses a nonzero imaginary 
part which results in an exponential growth of the phase and the amplitude of plane wave solu-
tion with the perturbations. To find the eigenvalues of QSˆ  one should solve the diagonalization 
problem 0ˆˆdet =− EKSQ . We made numerical diagonalization of the stability matrix and de-
termined the regions where the plane wave solution is stable or unstable as a function of q  and 
2C  in focusing array under consideration. Herein, MI totally absent at the base of the Brillouin 
zone ( 0=q ) when 175.00 )1( 022 ≈≤≤ =
zd
qCС [Fig. 3(a)]. Otherwise, the plane wave solution occurs 
to be unstable when zdqCC
)1(
022 =>  [Fig. 3(b)]. At the ambit of the edge of the Brillouin zone 
( π≅q ) MI occurs when 25.00 )1(22 =<≤ =
zd
qCС π  [Fig. 3(c)] and totally absent when 
12
)1(
2 ≤≤= CC
zd
q π  [Fig. 3(d)]. These results are in full agreement with the conclusions previously 
drawn from the linear diffraction diagram.    
 
IV. DISCRETE SOLITONS  
 
     In this section we will investigate the existence and stability of bright soliton solutions that 
are self-localized states in the transverse discrete direction of the array in question. In the conti-
nuous approximation these solitons can be described by a nonlinear Schrödinger-type equation 
[Eq. (14) when )2,1(3d  and 
)2,1(
4d  are negligible], but only for broad enough beams with narrow 
spectral width. If we want to examine the existence and properties of highly localized states with 
a good precision, it is necessary to make numerical analysis of discrete Eq. (1). As it is discussed 
above the discrete solitons can bifurcate in the band gaps from gap edges for the regions where 
the necessary balance between the diffraction and nonlinear interaction takes place. In order to 
make analytical investigation we will perform standard multiple-scale expansion procedure as it 
was performed in [37]. So, we are interested in discrete soliton solutions of Eq. (1) having the 
form )(exp)( qnziuza nn += κ , )(exp)( qnzizb nn += κυ , where nu  and nυ  are real and vanish as 
±∞→n , κ  is the solution’s eigenvalue, and two cases of particular interest – unstaggered and 
staggered solutions, i.e. 0=q  and π , respectively, will be treated separately in the rest of this 
section.  
 
A. At the base of the Brillouin zone: q=0 
 
     In this case Eq. (1) is reduced to the following system of nonlinear algebraic equations:  
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( ) ( )
( ) ( )⎩⎨
⎧
=++++++
=+++++−
+−+
+−−
.0)(
,0||)(
2
211211
2
111211
nnnnnnn
nnnnnnn
CuuC
uuuuCCu
υυχυυυκω
χυυκω
                           (18) 
We are interested in solutions with exponential decay at −∞→n  ( +∞→n ), hence, we can re-
quire the relation αυυ ==
−+ 11 nnnn uu  ( αυυ == −+ nnnn uu 11 ) to hold, where α  is real and 
1>α . For exponentially decaying solutions the nonlinear terms of Eq. (18) can be neglected for 
large n , and by substituting the latter expression to Eq. (18) one can easily obtain the relation 
which establishes domains of the solution’s eigenvalue κ , for which solitons exist: 
22
1
2
2
2
2 )1()]1())][(1()[( αααακωαακω +=+++++− CCC . The results of numerical analysis 
of this fourth order algebraic equation are depicted in Fig. 2 with dots. In order to satisfy the 
condition 1>α  the soliton solution’s eigenvalues should be in the band gaps where the light 
propagation is forbidden [Fig. 2(a, b)]. For some values of the second-order coupling coefficient 
2C  the internal finite band gap domain of the soliton solution’s eigenvalue may be degenerate 
[Fig. 2(c, d)].  
     To consider the bifurcation of solitons from gap edges we will shift the soliton solution’s ei-
genvalue towards the gap: 22
)0(
0 εκκ += =qk , where 
)0(
0=qk  indicate gap edges as were determined in 
the previous section, 1<<ε  is a small parameter characterizing the shift of the eigenvalue to-
wards the gap and the sign of 2κ  determines the direction of the shift. Performing standard mul-
tiple-scale series expansion ∑
=
=
0
)(
m m
m
n xUu εε  and ∑
=
=
0
)(
m m
m
n xVεευ , where nx ε= , we 
obtain the relation 00 UV β= , where 02)]2([ 12)0( 0 <+−= = CCkq ωβ . Proceeding up to the third-
order term in the multiple-scale series we obtain the following stationary nonlinear Schrödinger 
(NLS) equation: 
                                       ( ) ( ) 01 3024102220
2
=++−− UU
dx
Ud χβχβκγ ,                                        (19) 
where )1(2 221 ββγ ++= CC  can be interpreted as the second-order diffraction coefficient. 
Note that γ  is equal to zero when zdqCC
)1(
022 == . Eq. (19) has a well-known bright soliton solution 
                                                               ( )bxAU cosh0 = ,                                                         (20) 
where 212
4
1
2
2 ])()1(2[ χβχβκ +−=A  and 2122 ])1([ γβκ −=b . If zdqCC )1( 022 =<  then γ  is nega-
tive and, as it’s seen from the latter expressions for A  and b , the shift of the soliton’s eigenva-
lue should be towards the internal finite band gap and the quantity )( 2
4
1 χβχ +  should be nega-
tive, hence, no bright solitons can bifurcate from the gap edges when all the waveguides are fo-
cusing. These conclusions are in good agreement with the results depicted in Figs. 2(a) and 2(b) 
and the fact that the effective diffraction of the array is anomalous in this case. Numerical solu-
tion associated with this case is depicted in Fig. 6(a). Meantime, bright solitons in the finite gap 
are expected to exist when PIM and NIM waveguides have nonlinearities of different signs, e.g., 
if 11 −=χ  and 12 =χ  then the quantity )( 241 χβχ +  is negative for the top of the finite gap and 
positive (no solitons) for the bottom of the finite gap and other way round, when 11 =χ  and 
12 −=χ , despite the fact that the gap edges are symmetric (this feature is a reminiscence of the 
inversion symmetry breaking in the reciprocal space, reported in [37]). If zdqCC
)1(
022 =>  then γ  is 
positive and the shift of the soliton’s eigenvalue should be towards the external semi-infinite 
band gaps. The quantity )( 2
4
1 χβχ +  should be positive and bright solitons exist in focusing ar-
ray in this case which is consistent with the fact that the effective diffraction of the array is nor-
mal now [Figs. 2(c) and 2(d)].  
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     The numerical results have shown that more then one soliton families bifurcate from the gap 
edges of the linear spectrum [Figs. 5(a) and 5(c)]. The deeper is the soliton’s eigenvalue lies in 
the band gap, the more localized the solitons are [Fig. 5(e)] and the higher the corresponding 
power level is [Fig. 4]. But near the zero diffraction points in the array these soliton solutions can 
be highly localized states even with the eigenvalues closely located to the gap edge, hence, at 
low power levels [Fig. 5(a)].       
 
 
FIG. 4. Power P  vs κ  diagram of stable bright solitons in defocusing array at 0=q  (solid line) 
and in focusing array at π=q (dashed line) when 5.2=ω , 11 =C , 1.02 =C .    
 
     In Fig. 4 the power P  associated with bright soliton numerical solutions is depicted as a func-
tion of the eigenvalue κ  for the base and edge of the Brillouin zone. In both cases the behavior 
of the )(κP  diagram is like that one in the standard discrete NLS model [9]. For relatively small 
values of power and weakly localized solutions, the behavior of the )(κP  can be approximately 
described within the NLS limit. Using Eq. (2) and the expression (20) for the bright soliton solu-
tion with 0=q  in the continuous approximation, the )(κP  curve can be approximately de-
scribed by 2
4
1
21)0(
0
22 )])(1()[1(4 χβχκβγβ +−−+≈
=qkP  at the base of the Brillouin zone. On 
the other hand, for high power levels and strongly localized solutions, most of the power is con-
fined in one waveguide, and, therefore, )())(1(2 2
4
1
)0(
0
4 χβχκβ +−−≈
=qkP  for the solutions 
with 0=q . These two approximated dependences can be easily seen in Fig. 4. With the change 
of 2C  any peculiarities in the behavior of the )(κP  diagram don’t occur and these two approxi-
mations remain valid. Thus, the deeper is the soliton’s eigenvalue lies in the band gap, the larger 
the relative difference )( )0( 0=− qkκ  is and the higher the power P  is.     
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FIG. 5. Unstaggered discrete solitons with different eigenvalues within the positive infinite gap: 
(a) 3.2=κ , (c) 3.2=κ  (unstable excited state) and (e) 7.2=κ ; and the corresponding power 
evolution depicted in (b), (d), (f), respectively, in the focusing array ( 12,1 =χ ) when 5.2=ω , 
11 =C , 2.02 =C . The infinite gaps are 1.2>κ . Empty (filled) circles indicate PIM (NIM) wa-
veguides.  
 
     Now we will examine the stability of these bright soliton solutions with the linear stability 
analysis. We introduce perturbations in the exact solution )exp( ziua nn κ=  and )exp( zib nn κυ=  
in a fashion )exp()]exp()()exp()([ ziziQUziQUua nnnnnn κΛ−−+Λ++=  and ++= nnn Vb ([υ  
)exp()]exp()()exp() ziziWVziW nnn κΛ−−+Λ+ , where nU , nQ , nV  and nW  are assumed to be 
small in comparison with nu  and nυ . Substituting these perturbed solutions to Eq. (1) and linea-
rizing it in small perturbations we arrive at the following coupled eigenvalue problem: 
( ) ( )
( ) ( )
( ) ( )
( ) ( )⎪
⎪
⎩
⎪⎪⎨
⎧
Λ=−+−+−−−
Λ=−+−+−−−
Λ=++++++−
Λ=++++++−
+−+
+−+
+−−
+−−
.3
,
,3
,
2
211211
2
211211
2
111211
2
111211
nnnnnnnnn
nnnnnnnnn
nnnnnnnnn
nnnnnnnnn
WVVVKUUKVkV
VWWWKQQKWkW
QUuUUKVVKUkU
UQuQQKWWKQkQ
υχω
υχω
χω
χω
 
When all eigenvalues Λ  are real the solution is stable, whereas, if an eigenvalue possesses a 
nonzero imaginary part the solution becomes unstable. We’ve analyzed this problem numerical-
ly. As can be seen from Figs. 5(a) and 5(c), solitons with different values of power P exist in  the 
array at the same parameters of the system. The explanation comes from Eq. (19). Indeed, the 
amplitudes 0U  and 0V  can be centered either at a PIM [Fig. 5(a)] or at a NIM [Fig. 5(c)] wave-
guide, thus giving two different families of soliton solutions which differ in the power level. The 
stability analysis has shown that the soliton solution with higher power level (excited  
 
FIG. 6. Unstaggered (a) and staggered (c) discrete solitons in the finite gap with 9.1=κ  when 
15.02 =C  and with 43.1=κ  when 5.02 =C , respectively, and the corresponding power evolu-
tion depicted in (b), (d), respectively, in the defocusing array ( 12,1 −=χ ) when 5.2=ω , 11 =C .  
 
state) is unstable [Fig. 5(d)]. The eigenvalue problem has complex roots Λ  with nonzero imagi-
nary part that leads to an exponential growth of the amplitudes of the small perturbations on the 
soliton’s background. The bright soliton solutions with lower power levels (ground state) are 
stable over the wide range of parameters of the system in question [Figs. 5(b), 5(f) and 6(b)]. All 
the eigenvalues Λ  are real, the instability doesn’t occur and the perturbations are the small oscil-
lations on the top of the soliton’s background.   
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B. At the edge of the Brillouin zone: q=π 
 
     Here we will study the properties of staggered soliton solutions, i.e., π=q . One can easily 
obtain the equations for these solutions from Eq. (18) by making the change of variables 
n
n
n uu )1(−→ , n
n
n υυ )1(−→  and hence, αα −→ . It’s obviously that the relation which estab-
lishes domains of the solution’s eigenvalue for which solitons exist doesn’t change. Hence, suit-
able eigenvalues of staggered solitons lie in the band gaps too. To perform the multiple-scale 
analysis for this case we should also shift the soliton solution’s eigenvalue towards the gaps. The 
only difference is that the gap edges should be taken at π=q . Thus, we consider 
2
2
)0( εκκ π += =qk , where 
)0(
π=qk  indicate gap edges as were determined in the Sec. III at the edge of 
the Brillouin zone. The first-order term of the multiple-scale series gives that at the positive 
(negative) gap edge 00 =V , 00 ≠U  and dxdUCCV 0211 ])2(2[ −= ω  ( 00 =U , 00 ≠V  and 
dxdVCCU 0211 ])2(2[ −−= ω ), i.e., field amplitudes in PIM and NIM waveguides have differ-
ent orders of magnitude [see Figs. 6(c), 7(a) and 7(c)]. Proceeding up to 3ε  we arrive at the sta-
tionary NLS equation for the positive (negative) gap edge: 
                               0301022
0
2
=+− UU
dx
Ud χκσ  ( 03020220
2
=++ VV
dx
Vd χκσ ),                             (21) 
where )2(2)24( 2
2
12
2
2 CСCC −+−= ωωσ  can be interpreted as the second-order diffraction 
coefficient by analogy with γ  and it’s equal to zero when zdqCC
)1(
22 π== . Note that in Eq. (21) the 
nonlinearity of only PIM (NIM) waveguides has influence due to the fact of different field mag-
nitude’s orders. The bright soliton solution of Eq. (21) is )cosh(0 axBU =  ( )cosh(0 axBV = ), 
where 2112 ]2[ χκ=B  and 212 ][ σκ=a  ( 2122 ]2[ χκ−=B  and 212 ][ σκ−=a ) for the positive 
(negative) gap edge. When zdqCC
)1(
22 π=<  the bright solitons bifurcate from gap edges towards the 
external semi-infinite gaps in focusing array [Figs. 7(a) and 7(c)] cause σ  is positive and the ef-
fective diffraction of the array is normal at the edge of the Brillouin zone [Figs. 2(a) and 2(b)]. 
Otherwise, no bright solitons can bifurcate from gap edges in focusing array when zdqCC
)1(
22 π=> .  
 
 
FIG. 7. Staggered discrete solitons in the positive infinite gap: (a) stable symmetric state and (c) 
unstable antisymmetric state; and the corresponding power evolution depicted in (b), (d), respec-
tively, in the focusing array ( 12,1 =χ ) when 5.2=ω , 11 =C , 19.02 =C , 14.2=κ . The infinite 
gaps are 12.2>κ .    
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In this case the effective diffraction of the array is anomalous [Fig. 2(d)], σ  is negative and the 
staggered bright solitons exist in defocusing array [Fig. 6(c)] with eigenvalues lying near the fi-
nite gap edges [Fig. 2(d)]. Using the analytical expressions for the soliton solutions of Eq. (21) 
bifurcating from positive (negative) gap edge at π=q  and Eq. (2), we can approximately de-
scribe the )(κP  curve by 211
2
2
23)0(2
11
21)0( )2(3)(])[(4 σχωκχσκ ππ CkCkP qq −−+−= ==  
( 212
2
2
23)0(2
12
21)0( )2(3)(])[(4 σχωκχσκ ππ CkCkP qq −−+−= == ) at low power levels. For 
strongly localized solutions at large values of power the )(κP  curve can be approximately de-
scribed by 1
)0( )(2 χκ π=−= qkP  ( 2)0( )(2 χκπ −= =qkP ) [Fig. 4]. With the deepening of the eigenva-
lue into the band gap the power increases and the staggered solitons become more localized. 
     The stability of these staggered soliton solutions is investigated similarly to the stability of 
unstaggered soliton solutions as was performed in the previous subsection. As can be seen from 
Figs. 7(a) and 7(c), symmetric and antisymmetric staggered soliton families exist in the array at 
the same parameters of the system. Numerical stability analysis has shown that this antisymme-
tric state is unstable [Fig. 7(d)]. The symmetric staggered solitons are stable both in focusing and 
in defocusing array [Figs. 7(b) and 6(d)]. The physical reason for this behavior is that the anti-
symmetric soliton is an excited state with higher power levels in comparison with symmetric so-
liton.   
 
V. CONCLUSIONS 
 
     In this paper we report on existence and properties of discrete gap solitons in binary nonlinear 
waveguide array of alternating positive and negative index waveguides with extended interac-
tions. The zigzag geometrical configuration of the array in question allowing introducing ex-
tended strong second-order (next-to-nearest neighbors) couplings in addition to the first-order 
(nearest neighbors) coupling. The controllability of this second-order coupling allows managing 
the diffraction properties of this array. The effective diffraction can be controlled both in size 
and sign, it can be both normal and anomalous in the same system and even zero diffraction 
points exist their under definite values of second-order coupling coefficient. We’ve investigated 
modulation instability in focusing array and determined the regions where the continuous waves 
are stable or unstable as a function of the spatial Bloch momentum vector and the second-order 
coupling coefficient. Modulation instability doesn’t occur in the regions of anomalous diffrac-
tion, whereas in the regions of normal diffraction the continuous waves are unstable both at the 
base and at the edge of the Brillouin zone. Due to the alternating positive and negative index wa-
veguides the linear spectrum has a band gaps giving origin for more then one bright soliton fami-
lies bifurcating from gap edges. The discrete solitons with the lowest power level are stable over 
a wide range of parameters. Discrete self-focusing is observed both in focusing and defocusing, 
and even in alternating focusing-defocusing array, moreover, near the zero diffraction points the 
highly localized states are possible at low power levels both for the base and for the edge of the 
Brillouin zone. Thus, the array considered is a more general model combining the properties of 
the arrays considered in Refs. [9] and [37], and provides more ways to manipulate energy locali-
zation effects, diffraction management and spatial discrete solitons formation.     
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